Abstract. Let X be a Hilbert-space valued martingale and Y a real-valued supermartingale which are orthogonal and with Y di erentially subordinate to X. Then
Introduction
Consider two H -valued semi-martingales X and Y; where H is a separable Hilbert space with norm j j and inner product h ; i: We denote by F = fF t g t 0 their common ltration, which is a family of rightcontinuous sub--elds in a probability space f ; A; Pg : We also assume that F 0 contains all the sets of probability zero. We use the notation X; Y ] = f X; Y ] t g t 0 to denote the quadratic covariation process between X and Y (see, for example DM] ). Unless otherwise stated, we assume that all semi-martingales in the paper have rightcontinuous paths with left-limits (r.c.l.l.). For notational simplicity, we use X] = f X] t g t 0 to denote X; X] :
Since all the results in the paper are invariant under Hilbert space isomorphisms, we can restrict to the spaces of square integrable sequences.
We say that Y is di erentially subordinate to X if X] t ? Y ] t is nondecreasing and nonnegative as a function of t. A slightly weaker notion of martingale di erential subordination was rst introduced by Burkholder for discrete-time martingales and certain stochastic integrals (see Bur1] -Bur5], and Bur6] for connections and applications to various settings in Banach spaces). For continuous parameter martingales with continuous paths, this de nition was introduced by Bañuelos and Wang BW1] and for continuous parameter martingales by Wang Wan] . With this de nition of subordination, Bañuelos and Wang BW1] and Wang Wan] extended various sharp martingale inequalities of Burkholder ( Bur1] -Bur5]) from the discrete-time and certain stochastic integral settings to general continuous parameter martingales. In particular, the following theorem was proved in Wang Wan] (see also BW1] If the harmonic functions u and v satisfy conditions (1.5) and (1.6), we say v is di erentially subordinate to u; as de ned by Burkholder Bur3] . If the harmonic function v is the conjugate function of u; and v( ) = u ( ) ; then conditions (1.5) and (1.6) are satis ed. In addition, the Cauchy{Riemann equations imply that ru rv = 0. The analogue of inequality (1.8) is the Kolmogorov's weak-type inequality for conjugate functions. The best constant for this inequality was obtained by Davis Dav] The inequality is sharp. The interplay between martingales and harmonic functions is very rich and broad. In almost all the situations, sharp inequalities for harmonic functions correspond to sharp martingale inequalities under the appropriate setting. In this paper we will establish this relationship for Theorem 1.5. Namely, we will prove the analogue of Theorem 1.5 in the martingale setting, which can also be viewed as an analogue of Theorem 1.3 with the extra condition of orthogonality. This result is motivated by the fact that the orthogonal martingales arising in the representations of the Riesz transforms are not just harmonic functions composed with Brownian motion. Hence knowing just the theorems for harmonic functions gives no information for the Riesz transforms. The main result of the paper is the following theorem. (2) where (2) is the Riemann zeta function evaluated at 2. The value of this expression is The results discussed above, as well as the methods employed in proving them, have raised several interesting problems not only related to singular integrals but also to quasiconvexity and rank one convexity; notions that arise in the calculus of variations. We refer the reader to Bañuelos If Y is a nonnegative supermartingale, by Itô's lemma, and the convolution argument used in the Proposition 1 of BW2] together with the fact that W y is nonpositive in f(x; y) 2 S : x 0; y 0g ; (2.7) also follows. To see this last fact, simply use the mean value theorem, W yy 0 in S; and W y (x; 0) = 0 for all x 2 R: Therefore, we have completed the proof of the Theorem 1.6.
